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Abstract
This paper is concerned with the Poincaré inequalities and the sharp maximal
inequalities for diﬀerential forms with Lϕ -norm, where ϕ satisﬁes nonstandard growth
conditions. These results can be used to estimate the norms of classical operators and
analyze integral properties of diﬀerential forms.
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1 Introduction






where ϕ : [,∞) → [,∞) is a Young function satisfying the nonstandard growth condi-
tion
pϕ(t)≤ tϕ′(t)≤ qϕ(t),  < p≤ q <∞. ()
This conditionwas ﬁrst used in []; the author used this condition to get the higher integra-
bility of the gradient of minimizers.We can ﬁnd that the ﬁrst inequality in () is equivalent
to ϕ(t)tp that is increasing, and the second inequality in () is equivalent to -condition,
i.e., for each t > , ϕ(t)≤ Kϕ(t), whereK > , and ϕ(t)tq is decreasing with t. Also, condition
() implies that ϕ(t) satisﬁes





but the exponents p, q in ()may not be the best ones in order for () to hold. The following




et if ≤ t ≤ e,
t+sin log log t if t ≥ e
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satisﬁes () with p = –
√
 and q = +
√
 and satisﬁes () with p =  and q = .Moreover,
if  –
√
 < r < +
√
, ϕ(t)tr is neither strictly increasing nor decreasing. Particularly, ϕ(t) =
tp satisﬁes () because of tϕ′(t) = pϕ(t), and this makes inequalities with the norm ‖ · ‖p
become a special case of Theorem ., for more details see [, ].
We assume that is a bounded convex domain inRn (n≥ ). Both B and σB are balls or
cubes with the same center, diam(σB) = σ diam(B). |E| is used to denote the n-dimensional
Lebesguemeasure of a set E ⊂Rn, and all integrals involved in this paper are the Lebesgue
integrals. Let e, . . . , en be the standard unit basis of Rn. For l = , , . . . ,n, the linear space
of l-vectors, spanned by the exterior products eI = ei ∧ ei ∧ · · · ∧ eil , corresponding to
all ordered l-tuples I = {ii, i, . . . , il},  ≤ i < i < · · · < il ≤ n, is denoted by l = l(Rn).
The Grassmann algebra  =(Rn) =
⊕n
l=
l(Rn) is a graded algebra with respect to the
exterior products. A diﬀerential l-formω on is a Schwartz distribution onwith values







uii···il (x)dxi ∧ · · · ∧ dxil .








dxj ∧ dxi ∧ · · · ∧ dxil.
A diﬀerential l-form u ∈D′(,l) is a closed form if du =  in. Lp(,l) is the space of
l-forms u(x) =
∑
I uI(x)dxI with uI ∈ Lp(,R) for all ordered l-tuples I , it is a Banach space
endowed with the norm ‖u‖p, = (
´

|u|p dx)/p. Similarly,W ,p(,l) are those diﬀeren-
tial l-forms on , whose coeﬃcients are in W ,p(,R), and it is a Banach space endowed
with the norm ‖u‖,p = ‖u‖p + ‖u‖p.
The following result was obtained in []. For y ∈ , there corresponds a linear op-
erator Ky : C∞(,l) → C∞(,l) deﬁned by (Kyu)(x; ξ, . . . , ξl–) =
´ 
 tl–u(tx + y –
ty;x – y, ξ, . . . , ξl–)dt and a decomposition u = d(Kyu) + Ky(du). A homotopy opera-




ϕ(y)Kyudy, where ϕ(y) ∈ C∞ () is normalized by
´

ϕ(y)dy = . Then, there is






u(y)dy, l =  and u = d(Tu), l = , , . . . ,n
for all u ∈ Lp(,l),  ≤ p < ∞. For any diﬀerential forms, u ∈ Lsloc(B,l), l = , , . . . ,n,
 < s <∞, we have
‖Tu‖s,B ≤ C|B|‖u‖s,B, ‖Tu‖s,B ≤ C|B|(diamB)‖u‖s,B. ()
The rest of this paper is organized as follows. In Section , Poincaré inequalities for dif-
ferential formswithOrlicz norm are obtained. In Section , the sharpmaximal inequalities
withOrlicz norms applied to k-quasiminimizer are obtained. In Section , using themeth-
ods that appeared in Section  and Section , we get some estimates of classical operators.
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2 Poincaré inequalities
It is well known that the Poincaré inequality played an important role in studying the
partial diﬀerential equations (PDEs) and the potential theory. Some versions of Poincaré
inequalities for functions and diﬀerential forms with Lp-norm have been obtained, and
in recent years, these inequalities for diﬀerential forms and operators with Luxemburg
norm have been established, we refer reader to [–] and the references therein. First,
we introduce some existing deﬁnitions and lemmas.
A continuously increasing function ϕ : [,∞)→ [,∞) with ϕ() =  is called an Orlicz




)dx ≤ ∞ for some λ = λ(f ) > , and it is equipped with the nonlinear Luxemburg
functional
‖f ‖ϕ() = inf
{










A convex Orlicz function ϕ is called a Young function. If ϕ is a Young function, then
‖ · ‖ϕ() deﬁnes a norm in Lϕ(), which is called the Orlicz norm or Luxemburg norm, for
more details see [, –, ].


















for B is a ball or cube in , l = , , . . . ,n and  < p < n.
Lemma . [] Suppose ϕ is a continuous function satisfying ()with q(n–p) < np,  < p≤




















Then, F(t) is a concave function, and there exists a constant C, such that
H(t)≤ F(t)≤ CH(t) ∀t > . ()
Next, we start with the main result of this section.
Theorem. Suppose u ∈D′(,l) and du ∈ Lp(,l+), ϕ is a Young function satisfying










where B is a ball in .
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If  < p < n, by assumption, we have q < npn–p . It follows from Lemma . that
( 
B


















If p ≥ n, note that (ﬄB |u – uB|s dx) s increases with s and nsn–s → ∞ as s → n, thus, there
exists  < p < n, such that q < npn–p . Then, we have
( 
B
























Combining () and (), we get
( 
B
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s dx, it follows from () that
ϕ(t)


































t is increasing, so  is a convex function.




























































This completes the proof. 
















for any constant λ > . According to (), Poincaré-type inequality with Luxemburg norm
‖u – uB‖ϕ(B) ≤ C‖du‖ϕ(B) ()
holds under the conditions in Theorem ..
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Next, we extend the local Poincaré-type inequality into the global case in Lφ-averaging
domain, which are extension of John domains and Ls-averaging domain, for more details
see [, , ].
Deﬁnition . [] Let φ be an increasing convex function on [,∞) with φ() = , we call














σ |u – uB|
)
dx
for some ball B ⊂  and all x such that φ(|u|) ∈ LIloc(), where τ , σ are constants with
 < τ <∞,  < σ <∞ and the supremum is over all balls B⊂.
Similarly to the process of Theorem . in [], we have the following theorem.
Theorem . Suppose that u ∈D′(,l) and du ∈ Lp(,l+), ϕ is a Young function sat-
isfying ()with q(n–p) < np,  < p≤ q <∞, is any bounded Lϕ-averaging domain. Then,









where B is a ball or cube in .
Choosing ϕ(t) = tp logα(e + t), pϕ(t) ≤ tϕ′(t) ≤ (p + α)ϕ(t) can be checked easily, from
Theorem ., we can get Poincaré inequality with Lp(logα L)-norm.
Corollary . Suppose that u is a smooth diﬀerential form, ϕ(t) = tp logα(e+ t),  < p <∞.




|u – uB|p logα




3 Inequalities for the sharpmaximal operator applied tominimizers
Let B be a ﬁxed open ball in a bounded domain . For diﬀerential form u ∈ Ls(B,l),
≤ s <∞, l = , , . . . ,n, the Hardy-Littlewood maximal operator of order s is deﬁned by





: x ∈ B⊂ B
}
,
where the supremum is taken over all parallel open subcubes B of B containing the
point x. Write Mu(x) = Mu(x) if s = . Similarly, the sharp maximal operator Ms is de-
ﬁned by
Ms u =Ms u(x) = sup
{( 
B
|u – uB|s dx
)/s
: x ∈ B⊂ B
}
.
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if and only if for every ψ ∈W ,(,l) with compact support
I(suppψ ;u)≤ kI(suppψ ;u +ψ), ()
where k >  is a constant.
The following lemmas will be used in this section.
Lemma . [] If B is a cube in , f ∈ Ls(B), f ≥ . Then, for any t > ,
∣∣{x ∈ B :Msf (x) > t}∣∣≤ c(n)ts
ˆ
{f >t/}
∣∣f (x)∣∣s dx. ()
Lemma . [] Let u be a k-quasiminimizer for the functional (), and let ϕ be a Young
function satisfying -condition. Then, for any ball BR ⊂  with radius R, there exists a












where c is any closed form.
The main result of this section is the following theorem.
Theorem . Suppose u is a k-quasiminimizer for the functional (), and ϕ is a Young
function satisfying ()with q(n–p) < np,  < p≤ q <∞,Ms is the sharp maximal operator,
B ⊂  is a ball satisfying B ⊂ . Then, for  ≤ s < q – , there exists a constant C,








(|u – c|)dx, ()
where c is a closed form.












Denote f = |u–uB|, thenMsf =Ms u. It follows from the standard representation theorem
and Lemma . that,
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∣∣{x ∈ B :Msf > t}∣∣dt















f s dxdt. ()
By Fubini’s theorem, () becomes
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For similar discussion of (
ﬄ

|u – u|q dx)









































where c is a closed form. This completes the proof. 
Similarly to (), the sharp maximal inequality with Luxemburg norm
∥∥Ms u∥∥ϕ(B) ≤ C‖u – c‖ϕ(B) ()
holds under the conditions described in Theorem ..
4 Application
As an application, we develop some estimates for homotopy operator T , Green’s operator
G and the composition of the operators T ◦ G. Inequalities for the other class operators
and composition operators can be obtained similarly.
Let W(,l) = {u ∈ L(,l) : u has generalized gradient}. The harmonic l-ﬁelds are
deﬁned by H(,l) = {u ∈ W(,l) : du = d∗u = ,u ∈ Lp(,l) for some  < p < ∞}.
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The orthogonal complement of H in L(,l) is deﬁned by H⊥(,l) = {u ∈ L(,l) :
〈u,h〉 =  for all h ∈ H}. Then, the Green’s operator G is deﬁned as G : C∞(,l) →
H⊥ ∩ C∞(,l) by assigning G(u) to be the unique element of H⊥ ∩ C∞(,l) satis-
fying Poisson’s equation G(u) = u –H(u), whereH is the harmonic projection operator
that maps C∞(,l) onH, so thatH(u) is the harmonic of u. See [] for more properties
of Green’s operator.
Next, we prove the estimate for homotopy operator T .
Theorem. Suppose that u is a smooth diﬀerential form, ϕ is a Young function satisfying
()with q(n–p) < np,  < p≤ q <∞.T is a homotopy operator.Then, there exists a constant










for all balls B⊂.
Proof Since |dv| ≤ c|v| holds for each diﬀerential form v, combining () and the similar










































For Green’s operator, we have the following estimate for Green’s operator applied to
k-quasiminimizer.
Theorem . Suppose that the smooth diﬀerential form u is a k-quasiminimizer for the
functional (), and ϕ is a Young function satisfying () with q(n – p) < np,  < p≤ q < ∞,
G is a Green’s operator. Then, for each ball B ⊂ with B ⊂, there exists a constant C,









(|u – c|)dx, ()
where σ >  is a constant, c is a closed form.
Proof Since
∥∥G(u)∥∥p,B ≤ c‖u‖p,B ()
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This completes the proof of Theorem .. 
Corollary . Suppose that u is a smooth diﬀerential form, ϕ is a Young function satisfying
() and q(n – p) < np,  < p ≤ q < ∞. When T is a homotopy operator and G is a Green’s










for all balls B⊂.


























This ends the proof of Corollary .. 
Remark . In , Buckley and Keoskela ﬁrst introduced a function class G(p,q,C) in
[]. After that, some mathematicians devoted themselves to study the inequalities with
Lψ -norm for diﬀerential form and operators, whereψ lies inG(p,q,C).We ﬁnd that tp and
tp logα(e+ t) are both of function class G(p,q,C) and satisfying condition () in this paper.
But it is still open which of the conditions of function class G(p,q,C) and () is stronger,
or they are not inclusive of each other.
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